In this Letter, we aim to answer the fundamental question of what will happen when two layers of PancharatnamBerry phase elements are superimposed on each other. The different diffraction orders and their respective phase changes of this structure are investigated by Jones matrix calculations. Based on the results, we propose and demonstrate metalenses numerically that can split an incident circularly polarized beam into different helicities and focus them at different foci with controlled intensity and focal length. The decoupling of the focusing length and the relative intensity give us control to achieve an arbitrary combination of focal spot location and relative intensity. To the best of our knowledge, this is the first proposal and theoretical demonstration of bilayer Pancharatnam-Berry phase elements for metalens applications. Such a platform can be expanded to multilayers and applied to other complex functionalities such as achromatic lenses. Metasurfaces have drawn considerable attention in recent years due to their versatile wavefront shaping capabilities, ultrathin geometries, and batch production possibilities [1] . It is a promising technology to replace conventional bulky and expensive lenses, especially in portable and wearable devices. Enormous efforts have been devoted to develop various optical devices using this technology, such as focusing lenses [2], axicons [3], optical orbital angular momentum generation [4] , and holograms [5] . However, more complicated functionalities often require a more complex design. One common way of expanding the design parameter space is to use spatial multiplexing schemes [6] . However, multiplexing interrupts the phase smoothness, thus bringing undesirable diffractive orders and reduced performance [1, 7] . Also, the intrinsic space-filling limitation is a problem for spatial multiplexing.
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Multilayer metalenses have been proposed to circumvent these restrictions. The idea is to extend the design parameter space into three dimensions. Therefore, an extra degree of freedom can be added, bringing more flexibility and versatility to the metalens design. Devices such as achromatic metalenses [7, 8] , zoom lens systems for imaging [9] , and other advanced functionalities with improved efficiencies [10] have been reported. However, the interlayer spacing is mostly large and less controllable. By taking advantage of the current nanofabrication capabilities, it is possible to make the two layers closer and more compact with increased alignment accuracy [8] .
Metasurface design relies on the manipulation of local phase with subwavelength features. One way to achieve this is the Pancharatnam-Berry (P-B) phase, which can be imparted by the rotation of the nanofin elements [11] . Metalenses based on the P-B phase are easy to design, robust to fabrication errors, and intrinsically broadband [12] . Therefore, they are widely used in the design of various optical components for circular polarizations [13] . Despite the wide popularity of single-layer P-B phase optical components, bilayer and multilayer P-B phase metalenses have not yet been studied.
Bifocal and multifocal lenses allowing the incoming light to be focused at different focal spots can be applied in imaging [6] , optical communication [14] , and medical applications [15] . A straightforward way to achieve multifocal lenses is spatial multiplexing [6] . However, only part of the aperture contributes to the formation of each focal point, resulting in reduced focusing performance and difficulty in relative intensity control [16] . The multifocal lens can also be achieved by designing building blocks to utilize the combination of the propagation phase and P-B phase [16] . But this method requires a large library of building blocks to meet the requirements of P-B phase and propagation phase simultaneously. Thus, the designing procedure is challenging. In this study, we aim to solve the problems of multifocal lens design by using multilayer P-B phase architecture. First, we will answer the fundamental question of what will happen when two layers of P-B phase elements are superimposed on each other. When two layers of periodic structures are superimposed on top of each other, a third pattern with different periodicity can be perceived, which is called the Moiré effect [17] . Here, we theoretically show that a similar phenomenon can happen with two layers of P-B phase elements: a diffraction order with a phase shift equal to the rotation angle difference of the two layers can be observed. Based on theoretical calculations, we demonstrate that a multilayer metalens with arbitrary control of focal spot location and relative intensity can be achieved by multilayer P-B phase architecture.
Considering an anisotropic nanofin structure with the ordinary and extraordinary axes (o and e) shown in Fig. 1(a) , the complex transmission coefficients of light with linear polarization along the ordinary and extraordinary axes are denoted as t o and t e , respectively. As the nanofin is rotated by an angle of θ with respect to the laboratory axes (x and y), the transmission coefficients can be obtained by the following Jones matrix formalism [12] :
Jθ linear t 0 cos 2 θ t e sin 2 θ t o − t e cos θ sin θ t o − t e cos θ sin θ t o sin 2 θ t e cos 2 θ : (1)
For simplicity and clarity, we work on circular polarization basis, and thereby we change from the linear basisx,ŷ to the circular basisL,R using the following transformation:
The Jones matrix on the basis of circular polarization can be written as [18] For simplicity, we will use the following notation:
After linear calculations, the Jones matrix of the system becomes
For right-handed circularly polarized (RCP) input 1 0 passing through the system, the resultant transmitted light can be expressed as
It contains four diffraction orders: the first order has the same helicity and phase as the incident light; the second one has the same helicity as the incident light, but it undergoes a phase change of 2θ 2 − θ 1 ; the last two orders have helicity opposite to the incident light and experience a phase shift of −2θ 1 and −2θ 2 , respectively. In theory, a metalens with three focusing points can be designed by utilizing these phase changes. However, the arbitrary control of three focal points is not possible with only two degrees of freedom θ 1 and θ 2 . So we focus our design on bifocal lenses, for which we set T 0 1 0, and the output beam becomes
The output beam consists of an RCP component with 2θ 2 − θ 1 phase shift and a left-hand circularly polarized (LCP) component (cross polarization) with a phase shift of −2θ 2 . In order for these two diffraction orders to focus, the spatial variation of the phase shift has to meet the following condition:
where λ is the design wavelength, F is the focal length, and x and y represent the discretized spatial coordinates. The phase changes of the two diffraction orders have to meet the condition in Eq. (8) simultaneously:
By solving this simple equation, the spatially dependent rotation angles of each element can be obtained. The proposed metalens takes an input of RCP light and splits it into LCP and RCP components, which are focused at different focal spots F1 and F2, as illustrated in Fig. 1(c) .
To materialize the bifocal function, we propose the structure shown in Fig. 1(d) . Elliptical nanofin elements are chosen to account for the round corners that may occur during actual nanofabrication. Such a structure can be fabricated using current nanofabrication capabilities as follows [8] : first, a layer of TiO 2 P-B elements is deposited and fabricated on the substrate, on top of which a layer of filling material SiO 2 is deposited. After that, the second TiO 2 P-B elements layer is deposited and fabricated. The processing of both the first and second P-B phase elements layers is the same as reported in the literature [19] . The only difference is a filling material to facilitate the fabrication of the second P-B phase elements layer. In this study, SiO 2 and TiO 2 are used because they are widely adopted materials for metalens fabrication. Moreover, the refractive indices at the designed wavelength of these materials are 1.46 and 2.49, respectively, which gives us a reasonable index contrast for the first P-B elements layer.
To meet the condition T 0 1 0, the geometrical parameters of the second P-B phase layer have to be optimized so that jt o j jt e j and argt o − argt e π. A parameter sweep for the geometries of the second nanofin elements layer is carried out using the commercial three-dimensional (3D) finite-difference time-domain (FDTD) solver (FDTD solutions, Lumerical Inc). The periodicity, length d2, and height of the nanofin H are set to be 300 nm, 200 nm, and 600 nm, respectively, while the width d1 of the nanofin is varied to obtain the optimal value. Our designed wavelength is 480 nm, which lies in the visible spectrum.
To follow the conventions, we use transverse electric (TE) to represent the polarization state along the ordinary axis o, while the transverse magnetic (TM) represents the polarization state along the extraordinary axis e. Figure 2(a) shows the phase difference of TE and TM polarizations when the d1 of the nanofin is 94 nm. For TE polarization, the phase of the transmitted field decreases in a smooth manner as the wavelength increases. In contrast, the phase of TM polarization shows three jumps in the spectrum at ∼410 nm, ∼460 nm, and ∼505 nm, which corresponds to three TM resonances of the structure, as can be verified from the transmission curve [ Fig. 2(b) ] where a sudden drop of transmission is observed. These jumps can increase the phase difference (TM-TE), and therefore a phase difference of π at our designed wavelength of 480 nm is obtained. As shown in Fig. 2(b) , the transmission of TM and TE polarizations at the designed wavelength of 480 nm are 0.86 and 0.89, respectively. In reality, it is difficult to find a geometry with identical TM and TE transmission while meeting the phase condition at the same time. However, the transmission is close enough to bring us satisfactory results, as shown in the following sections. Figure 2 (c) shows the phase profile for both TE and TM polarizations at 480 nm with the optimized geometrical properties. The phase difference for TM and TE polarizations is exactly half a wavelength, which not only reduces the transmission into two terms as shown in Eq. (7) but also ensures a high polarization conversion efficiency of the second P-B elements layer. It is noted that nanofabrication errors are inevitable, leading to suboptimal geometries that may result in deteriorated efficiency and a third focal point at a distance corresponding to the phase shift of −2θ 1 . However, a sweep of d1 and d2 within 20 nm of the optimized value reveals that the intensity of the third focal spot is much weaker than those of the main peaks.
Based on the optimized geometrical parameters and the rotation angles from Eq. (9), we build a 3D FDTD simulation model with an aperture size of 13 μm × 13 μm. The size of the whole simulation region is 14 μm × 14 μm × 22 μm with a mesh size of 10 nm × 10 nm × 20 nm in the metalens region and 40 nm × 40 nm × 40 nm in free space. The geometries of the first layer elements are the same as the second layer except the height is reduced to 400 nm to reduce the difficulty of the filling material deposition process. Three bifocal metalenses with different focal lengths are simulated.
Figrues 3(a)-3(c) show the electric field intensity profiles at the xz plane for different designs. In these designs, F1 is fixed at 8 μm, while F2 is increased gradually. Clear focusing effects can be observed with minimal crosstalk between the focal spots. The intensity of the electric field at the focal length along the x direction is plotted in Figs. 3(d)-3(f ) , where the fullwidths at half-maximum (FWHMs) of all the focal spots are close to the theoretical diffraction limited value of λ 2NA , with NA being the numerical aperture. The focusing properties are summarized in detail in Table 1 . The simulated focal lengths are in good agreement with the designed values, despite some minor errors. As an example, we will analyze the focusing performance of design 2. With a lateral length of 13 μm, the corresponding NAs of these two focal points are 0.65 and 0.5, which gives us diffraction-limited FWHMs of 369 nm and 488 nm, respectively. The FWHMs obtained from numerical simulations are 394 nm and 512 nm, which is close to the theoretical diffraction limit. Due to the computational restrictions in our case, we are unable to calculate a larger lens, so the NA of F1 is much larger than that of F2. That explains why the focusing property of F1 is better than F2 [20] . In reality, this problem can be tackled by manufacturing a larger lens, and hence the NAs of both focal points are similar.
One advantage of the proposed architecture is its robust and straightforward design protocol. In the multifocal schemes that rely on the combination of the propagation phase and P-B phase [16] , both the propagation phase and TM-TE phase difference are controlled by the same set of geometrical parameters. A large amount of sweeping and optimization needs to be carried out to build up a library. In contrast, the design process is greatly simplified in the proposed architecture, since identical elements are used, and only one parameter sweeping is required to achieve the optimized geometry. Another important factor to consider when designing multifocal lenses is the intensity ratios at the focal points. The intensity ratio of transmitted LCP and RCP light can be calculated from Eq. (7):
The relative intensities at F1 and F2 are controlled solely by the t o and the t e of the first layer. This property gives us the decoupling of focal spots position and relative intensity so arbitrary combinations of focal lengths and intensity ratios can be achieved. Figure 4 shows the electric field intensity profile of different ratios when the focal lengths are fixed. Different ratios are realized by adjusting the d1 of the first layer P-B phase elements while keeping the rotational angles and all other geometrical parameters fixed. Here,
is calculated to be 2.5:1, 0.9:1, and 1:3 for three designs. Other ratios can also be obtained by changing the geometries of the first layer. A typical spatial multiplex scheme for multifocal metalenses is to divide the surface area into several concentric rings [6] . Each ring corresponds to one focal spot. Since only part of the aperture is involved in the formation of each focal spot, the focusing efficiency and NA corresponding to each ring can be quite different, which makes the relative intensity more difficult to control. Compared to this method, identical nanofins are used in this study all across the lens surface, and the relative intensity depends only on transmission of the first layer. Moreover, the whole surface is involved in the formation of each focal spot, and the NA varies in a controllable manner. Thus, it is a straightforward and robust way of designing multifocal lenses. Furthermore, the number of layers can be increased by taking advantage of nanofabrication technology, giving us more parameters to achieve more complicated functionalities, such as multifocal lenses and achromatic lenses.
In conclusion, we propose a multilayer P-B phase metalens architecture and study the bilayer architecture in detail. Theoretical analysis shows the output beam has four orders of polarization: one maintains the input helicity and phase; another one maintains the input helicity but assumes a phase change of 2θ 2 − θ 1 ; the last two orders of diffraction have the opposite helicity and experience a phase shift of −2θ 1 and −2θ 2 , respectively. Based on these calculations, we design a bifocal metalens system with separate control of focal position and relative intensity that has not yet been realized in reported bifocal metalens systems. It is a straightforward and robust way to achieve bifocal metalenses. Such architecture can be extended to multilayers and be employed to achieve more complicated functionalities. 
